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CANONICAL MODULI AND GENERAL SOLUTION OF EQUATIONS

OF A TWO-DIMENSIONAL STATIC PROBLEM OF ANISOTROPIC ELASTICITY

UDC 539.3: 517.958N. I. Ostrosablin

Equations of a two-dimensional static problem of anisotropic elasticity are brought to a simple form
with the use of orthogonal and affine transformations of coordinates and corresponding transforma-
tions of mechanical quantities. It is proved that an arbitrary matrix of elasticity moduli containing six
independent components can be always converted by a congruent transformation to a matrix with two
independent components, which are called the canonical moduli. Depending on the relations between
the canonical moduli, the determinant of the matrix of operators of equations in displacements is pre-
sented as a product of various quadratic terms. A general presentation of the solution of equations
in displacements in the form of a linear combination of the first derivatives of two quasi-harmonic
functions satisfying two independent equations is given. A symmetry operator (i.e., a formula of
production of new solutions) is found to correspond to each presentation. In a three-dimensional
case, the matrix of elasticity moduli with 21 independent components is congruent to a matrix with
12 independent canonical moduli.

Key words: orthogonal and affine transformations, anisotropy, elasticity moduli, canonical mod-
uli, general solution, symmetry operators, diagonalization of an elliptical system.

It was shown [1] that, in the case with arbitrary anisotropy, the equations in displacements

Ai(kl)j ∂kluj + Fi = 0, i, j, k, l = 1, 2, 3, (1)

where Ai(kl)j = (Aiklj + Ailkj)/2, Aiklj = Akilj = Aljik is the tensor of the fourth rank of the elasticity moduli,
uj is the displacement vector, Fi is the vector of the volume forces, and ∂k is the derivative with respect to the
coordinate xk (summation is performed over the repeated letter subscripts) under the general affine transformation
of coordinates

xi = αi + αijyj, |αij | �= 0, yk = βk + βkixi; (2)

βk = −βkiαi, βkiαij = δkj

(δkj is a unit matrix and αi and αij are arbitrary real constants) and appropriate transformations of mechanical
quantities do not change their form:

Ãr(pq)s ∂̃pqũs + F̃r = 0

(the tilde indicates the transformed quantities). The equilibrium equations, generalized Hooke’s law, specific strain
energy, expressions of strains in terms of displacements, and boundary conditions in stresses and displacements also
retain their form in the new variables [1]. With an appropriate choice of the parameters αij and βki in the affine
transformations (2), it is possible to simplify Eqs. (1) and reduce the number of elasticity moduli in Hooke’s law.
Some affine transformations of static equations of the linear elasticity theory for anisotropic solids were considered,
e.g., in [2–7] (see also the references in [1]).
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The tensor of the elasticity moduli and the coefficients in Eqs. (1) are transformed by the formulas [1]

Ãpqrs = βpiβqjAijklβrkβsl, Aijkl = αipαjqÃpqrsαkrαls; (3)

Ãr(pq)s = βriβsjAi(kl)jβpkβql, Ai(kl)j = αirαjsÃr(pq)sαkpαlq.

Using the formulas for the transition from two subscripts to one for symmetric tensors in terms of two subscripts,

h11 = h1, h22 = h2, h33 = h3,

√
2h23 =

√
2 h32 = h4,

√
2h13 =

√
2 h31 = h5,

√
2h12 =

√
2h21 = h6,

we write Eqs. (3) in the matrix form:

A = α̂Ãα̂′, Ã = β̂Aβ̂′, A−1 = β̂′Ã−1β̂, Ã−1 = α̂′A−1α̂,

Ã∗ = β̂A∗β̂′, A∗ = α̂Ã∗α̂′ (4)

(the prime indicates the operation of matrix transposition). In Eqs. (4), all matrices have a size of 6 × 6. The
matrix A−1 of the compliance coefficients is inverse to the matrix A of the elasticity moduli. The matrices A and
A−1 are symmetric and positively determined. The matrices A∗ and Ã∗ correspond to the coefficients Ai(kl)j in
Eqs. (1). The matrices corresponding to the tensors

αijpq = (αipαjq + αiqαjp)/2, βpqij = (βpiβqj + βpjβqi)/2

are denoted by α̂ and β̂. The components of the matrices α̂ and β̂ can be found in [1, 6]. In the two-dimensional
case, the matrix β̂ has the form

β̂pi =

⎡
⎣

β2
11 β2

12

√
2 β11β12

β2
21 β2

22

√
2 β21β22√

2 β11β21

√
2 β12β22 β11β22 + β12β21

⎤
⎦ .

Equations (4) are congruent transformations of the matrices A, Ã, A−1, Ã−1, A∗, and Ã∗, which determine
the properties of elasticity and Eqs. (1) for arbitrary anisotropic materials. The affine transformations (2) with a
non-degenerate matrix α = [αij ] form a group, as well as the congruent transformations (4) [1, 6].

Transformation (2) with the matrix β = [βki] can be written as a product of three transformations [1, 8]

β = β(3)β(2)β(1), (5)

where β(1) and β(3) are the rotation matrices; β(2) is the diagonal matrix: β(2) = diag (β1, β2, β3), βi > 0. With
allowance for Eq. (5), we obtain the following presentation for β̂:

β̂ = β̂(3)β̂(2)β̂(1). (6)

From Eqs. (4) and (6), we find

Ã = β̂(3)β̂(2)β̂(1)Aβ̂(1)′β̂(2)′β̂(3)′. (7)

It follows from Eq. (7) that the general congruent transformation includes the orthogonal transformation β̂(1), axial
stretching with the matrix

β̂(2) = diag (β2
1 , β

2
2 , β

2
3 , β2β3, β1β3, β1β2)

and one more orthogonal transformation β̂(3).
Let us write Eqs. (1) for the two-dimensional case:

(Ai(11)j ∂11 + 2Ai(12)j ∂12 +Ai(22)j ∂22)uj + Fi = 0, i, j = 1, 2. (8)

With allowance for the notation for the elasticity moduli Aij with two subscripts, the matrix of the operators in
Eqs. (8) has the form

Ai(kl)j ∂kl =

⎡
⎢⎢⎣

A11 ∂11 +
√

2A61 ∂12 +
A66

2
∂22

A61√
2
∂11 +

(
A21 +

A66

2

)
∂12 +

A62√
2
∂22

A61√
2
∂11 +

(
A21 +

A66

2

)
∂12 +

A62√
2
∂22

A66

2
∂11 +

√
2A62 ∂12 +A22 ∂22

⎤
⎥⎥⎦ .
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Equations (8) are also presented in the form
([

A11 A61/
√

2

A61/
√

2 A66/2

]
∂11 +

[ √
2A61 A21 +A66/2

A21 +A66/2
√

2A62

]
∂12

+

[
A66/2 A62/

√
2

A62/
√

2 A22

]
∂22

)
uj + Fi = 0. (9)

By virtue of the positive definiteness of the matrix of the elasticity moduli Aij , the matrices Ai(11)j and
Ai(22)j in Eqs. (8) and (9) are also positively defined, as well as the matrix Ai(kl)j∂kl for all non-zero real values
of the symbols ∂k and ∂11 + ∂22 �= 0. Under the affine transformations (2), the form of Eqs. (9) is unchanged.
All moduli Aij can be assumed to be dimensionless. This means that the stresses and moduli are normalized to a
certain fixed stress.

Using consecutive transformations of the form (5), (6), we can obtain the following values of the coefficients
in Eqs. (9):

A61 = 0, A62 = 0; A11 = 1, A66 = 2

(the tilde is omitted). Equations (9) acquire the form
([

1 0

0 1

]
∂11 +

[
0 1 +A21

1 +A21 0

]
∂12 +

[
1 0

0 A22

]
∂22

)
uj + Fi = 0

or [
∂11 + ∂22 (1 +A21) ∂12

(1 +A21) ∂12 ∂11 +A22 ∂22

]
uj + Fi = 0. (10)

It follows from the considerations above that an arbitrary matrix of the elasticity moduli

Aij =

⎡
⎢⎣
A11 sym

A21 A22

A61 A62 A66

⎤
⎥⎦

with the use of the congruent transformations (7) caused by the affine transformations (2) and (5) can be always
brought to the canonical form

Aij =

⎡
⎢⎣

1 sym

A21 A22

0 0 2

⎤
⎥⎦ , (11)

and Eqs. (8) and (9) can be always brought to the form (10) [9]. The elasticity moduli A21 and A22 in Eqs.
(10), (11) will be called the canonical moduli. Thus, the two-dimensional problem of the linear elasticity theory
for an arbitrary anisotropic material reduces to solving Eqs. (10) with the boundary conditions in stresses or
displacements.

Some other canonical forms of equations and elasticity moduli for a two-dimensional problem were considered
in [10–13].

Let us demonstrate that Eqs. (8) and (9) are converted to the form (10) by means of transformations of
the form (2), (5)–(7), and the moduli Aij are converted to the form (11). The determinant of the matrix of the
operators in Eqs. (8) and (9) is

d = |Ai(kl)j ∂kl| = (1/2)(A11A66 −A2
61) ∂1111 +

√
2 (A11A62 −A21A61) ∂1112

+ (A11A22 −A2
21 −A21A66 +A61A62) ∂1122 +

√
2 (A22A61 −A21A62) ∂1222

+ (1/2)(A22A66 −A2
62) ∂2222 > 0 (12)
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for all non-zero real values of the symbols ∂k and ∂11 + ∂22 �= 0. Determinant (12) has the same form in the
transformed coordinate system. As we always have d > 0, then system (8) or (9) is elliptical, and the equation
|Ai(kl)j ∂kl| = 0 has no real roots; determinant (12) is decomposed in this case into the quadratic multipliers

d = (a11 ∂11 + 2a12 ∂12 + a22 ∂22)(b11 ∂11 + 2b12 ∂12 + b22 ∂22) = D1D2, (13)

which have no real roots either. Comparing the coefficients in Eqs. (12) and (13), we obtain the equations

(A11A66 −A2
61)/2 = a11b11,

√
2 (A11A62 −A21A61) = 2(a12b11 + a11b12),

A11A22 −A2
21 −A21A66 +A61A62 = a22b11 + 4a12b12 + a11b22, (14)

√
2 (A22A61 −A21A62) = 2(a22b12 + a12b22),

(A22A66 −A2
62)/2 = a22b22.

If Aij are given, we can determine aij = aji and bij = bji from Eqs. (14); the coefficient a11 can be fixed arbitrarily.
Let transformation (5) be such that the coefficients at the symbols ∂1112 and ∂1222 in Eqs. (12) are equal to

zero (the tilde is omitted):

A11A62 −A21A61 = 0, A22A61 −A21A62 = 0. (15)

By virtue of positive definiteness, the determinant of system (15) is A11A22 − A2
21 > 0; therefore, it follows from

Eqs. (15) that A61 = 0 and A62 = 0. With allowance for Eqs. (3), the last equalities are written in the form

Ã2111 = Ã61/
√

2 = β2iβ1jAijklβ1kβ1l = 0, Ã2122 = Ã62/
√

2 = β2iβ1jAijklβ2kβ2l = 0. (16)

The existence of the solution βpi of Eqs. (16) is proved with a rather complicated procedure in [10–13].
Assuming that

βpi =

[
β1 0

0 β2

][
n11 n21

n12 n22

]
=

[
β1n11 β1n21

β2n12 β2n22

]
,

where niknil = δkl, we write Eqs. (16) in the form

ni2Aijklnj1nk1nl1 = 0, ni1Aijklnj2nk2nl2 = 0. (17)

Equations (17) are conditions of existence of longitudinal normals, which occur for an arbitrary tensor Aijkl of the
elasticity moduli [14].

The solution of Eqs. (17) is equivalent to determining the directions ni1 and ni2, for which the quantities

Ã1111 = Ã11 = Aijklni1nj1nk1nl1, ni1ni1 = 1,

Ã2222 = Ã22 = Aijklni2nj2nk2nl2, ni2ni2 = 1
(18)

reach extreme values. The conditions of existence of extreme points of the quantities (18) [14]

Aijklnj1nk1nl1 = Ã11ni1, Aijklnj2nk2nl2 = Ã22ni2

yield Eqs. (17). Relations (18) are written in a more detailed form as

Ã = A11n
4
1 + 2

√
2A61n

3
1n2 + 2(A21 +A66)n2

1n
2
2 + 2

√
2A62n1n

3
2 +A22n

4
2, n2

1 + n2
2 = 1. (19)

Assuming that n1 = c and n2 = s or n1 = −s, n2 = c, and c2 + s2 = 1 in Eqs. (19), we obtain Eqs. (17) in a
detailed form as the extremum condition for the quantity Ã:

A61c
4 +

√
2 (A21 +A66 −A11)c3s+ 3(A62 −A61)c2s2

+
√

2 (A22 −A21 −A66)cs3 −A62s
4 = 0, (20)

A62c
4 +

√
2 (A22 −A21 −A66)c3s+ 3(A61 −A62)c2s2 +

√
2 (A21 +A66 −A11)cs3 −A61s

4 = 0.
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As the second equation in system (20) is obtained from the first one with the use of the substitutions c→ −s and
s → c, it is sufficient to solve anyone of these equations. For the variable t = s/c, the first equation in system (20)
yields the fourth-order equation

A61 +
√

2 (A21 +A66 −A11)t+ 3(A62 −A61)t2 +
√

2 (A22 −A21 −A66)t3 −A62t
4 = 0,

which has real roots for all Aij , because there are always extreme values of form (19) [14]. All quantities A(1)
ij are

expressed by Eq. (7) via Aij and the root t.
Thus, it follows from the above-given considerations that there always exists an orthogonal transformation

β
(1)
pi = nip converting an arbitrary matrix of the elasticity moduli Aij to the form

A
(1)
ij =

⎡
⎢⎣
A11 sym

A21 A22

0 0 A66

⎤
⎥⎦ . (21)

After that, with the use of the second transformation β(2) = diag (β1, β2), matrix (21) is brought to the form

A
(2)
ij =

⎡
⎢⎣

β4
1A11 sym

β2
1β

2
2A21 β4

2A22

0 0 β2
1β

2
2A66

⎤
⎥⎦ .

Choosing the parameters β1 and β2, we can obtain from the matrix A
(2)
ij either the canonical matrix (11), where

A
(2)
11 = β4

1A11 = 1 and A(2)
66 = β2

1β
2
2A66 = 2, the matrix [10]

A
(2)
ij =

⎡
⎢⎣

1 sym

β − α 1

0 0 2α

⎤
⎥⎦ , (22)

where

β2
1 =

1√
A11

, β2
2 =

1√
A22

, β − α =
A21√
A11A22

, 2α =
A66√
A11A22

,

or the matrix [11, 12], where A(2)
11 = A

(2)
22 = β4

1A11 = β4
2A22 and β1β2 = 1.

With allowance for Eqs. (21), Eqs. (14) acquire the form

a11b11 =
1
2
A11A66,

a12

a11
+
b12
b11

= 0,
a22

a11

b12
b11

+
a12

a11

b22
b11

= 0,

a22

a11
+ 4

a12

a11

b12
b11

+
b22
b11

=
A11A22 −A2

21 −A21A66

A11A66/2
,

a22

a11

b22
b11

=
A22

A11
.

(23)

From the second and third equations of system (23), we find

b12
b11

= −a12

a11
,

a12

a11

(b22
b11

− a22

a11

)
= 0,

whence it follows that two variants are possible:
a12

a11
= 0; (24a)

b22
b11

=
a22

a11
. (24b)

If variant (24a) is realized, then it follows from the fourth and fifth equations of system (23) that a22/a11 and
b22/b11 are roots of the quadratic equation

a2 − A11A22 −A2
21 −A21A66

A11A66/2
a+

A22

A11
= 0.
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From here, we find

a1,2 =
A11A22 −A2

21 −A21A66

A11A66
±
√

(A11A22 −A2
21 −A21A66)2

(A11A66)2
− A22

A11

=
1

A11A66

[
A11A22 +

(1
2
A66

)2

−
(
A21 +

1
2
A66

)2

±
√

(A11A22 −A2
21)[A11A22 − (A21 +A66)2]

]
. (25)

Roots (25) are real and positive if the condition of positive definiteness of matrix (21)

−
√
A22/A11 < A21/A11 <

√
A22/A11 (26)

and the inequality

A21/A11 ≤
√
A22/A11 −A66/A11 (27)

are satisfied. If the inequality
√
A22/A11 −A66/A11 < A21/A11 (28)

is valid, we have variant (24b). Then, the two last equations in system (23) yield the coefficients

a22/a11 =
√
A22/A11,

2a12/a11 =
√

2
[√

A22/A11 − (A11A22 −A2
21 −A21A66)/(A11A66)

]
(29)

=
√

2
(√

A11A22 +A21

)[
A66 −

(√
A11A22 −A21

)]
/(A11A66).

Thus, if inequalities (26)–(28) are satisfied, the determinant of Eq. (12)

d =
1
2
A11A66 ∂1111 + (A11A22 −A2

21 −A21A66) ∂1122 +
1
2
A22A66 ∂2222 (30)

is decomposed into factors of the form (13)

d = a11b11(∂11 + a1 ∂22)(∂11 + a2 ∂22); (31a)

d = a11b11

(
∂11 + 2

a12

a11
∂12 +

√
A22

A11
∂22

)(
∂11 − 2

a12

a11
∂12 +

√
A22

A11
∂22

)
, (31b)

where the coefficients are determined above [see Eqs. (25) and (29)]. The quadratic forms in Eq. (31b) are positively
determined because the inequality (a12/a11)2 <

√
A22/A11 is satisfied. If we have the equality sign in Eq. (27),

then Eq. (31a) yields

d = a11b11(∂11 +
√
A22/A11 ∂22)2. (32)
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0

I

II

A21/A11

A66/A11 A22/A11
p

Fig. 1. Domains of admissible values of Aij : I is the domain determined by inequalities (26) and
(27); II is the domain determined by inequalities (26) and (28).

Thus, the presentation of determinant (30) in the form (31a), (31b), or (32) depends on which relations
(26)–(28) are satisfied, i.e., in which domain of admissible values the elasticity moduli Aij are located. The domain
of admissible values of the moduli Aij described by inequalities (26)–(28) is shown in Fig. 1. Domain I is obtained
if inequalities (26) and (27) are satisfied, and domain II is obtained if inequalities (26) and (28) are satisfied. The
equality sign in Eq. (27) corresponds to the straight line separating domains I and II in Fig. 1. In what follows,
we assume that A11 = A66/2 = 1 and a11 = b11 = 1.

Let us write Eqs. (9) for the case where the matrix Aij has the form (22):

(∂11 + α ∂22)u1 + β ∂12u2 + F1 = 0,

β ∂12u1 + (α ∂11 + ∂22)u2 + F2 = 0.
(33)

The determinant of the matrix of the operators in system (33) is

d = α ∂1111 + (1 + α2 − β2) ∂1122 + α∂2222

= (1/4)[(1 + α)2 − β2](∂11 + ∂22)2 + (1/4)[β2 − (1 − α)2](∂11 − ∂22)2. (34)

The determinant is d > 0, i.e., system (33) is elliptical if

−(1 + α) < β < 1 + α, α > 0. (35)

At

−(1 − α) ≤ β ≤ 1 − α, 0 < α ≤ 1; (36a)

−(α− 1) ≤ β ≤ α− 1, 1 < α, (36b)

determinant (34) is written in the form

d = α(∂11 + a1 ∂22)(∂11 + a2 ∂22), (37)

where

a1,2 =
1
2α

{
1 + α2 − β2 ±

√
[(1 + α)2 − β2][(1 − α)2 − β2] }.
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a

b

a
_1

_(1
_a

)

1+
a

_(a_1)

_(1+
a)

1_
a

0
I II

IV

III

Fig. 2. Domains of admissible values of the parameters α and β: I is the domain determined by
inequalities (36a); II is the domain determined by inequalities (36b); III is the domain determined
by inequalities (38a); IV is the domain determined by inequalities (38b).

If the inequalities

1 − α < β, 0 < α ≤ 1, α− 1 < β, 1 < α; (38a)

β < −(1 − α), 0 < α ≤ 1, β < −(α− 1), 1 < α (38b)

are satisfied, then determinant (34) is decomposed into the factors

d = α
(
∂11 + 2

a12

a11
∂12 + ∂22

)(
∂11 − 2

a12

a11
∂12 + ∂22

)
, (39)

where

2a12/a11 =
√

[β2 − (1 − α)2]/α.

Thus, depending on which of inequalities (36a), (36b), (38a), or (38b) is satisfied for the coefficients α and β,
determinant (34) is presented in the form (37) or (39). The domains of admissible values of α and β are shown in
Fig. 2. The domain of ellipticity of system (33) is determined by inequalities (35) and includes domains I, II, III,
and IV in Fig. 2. The case a1 = a2 in Eq. (37) corresponds to the equality signs in Eqs. (36a) and (36b) and to
the straight lines β = 1 − α and β = α− 1 in Fig. 2.

In the discussion above, we ignored the condition of positive definiteness of the specific strain energy, i.e.,
matrix (22):

α− 1 < β < 1 + α, α > 0. (40)

Domains I and III in Fig. 2 correspond to inequalities (40). Thus, if α and β belong to domains I and III in Fig. 2,
then Eqs. (33) are the equations of the elasticity theory. If α and β are located in domains II and IV in Fig. 2,
then Eqs. (33) are not the equations of the elasticity theory, because conditions (40) are not satisfied. Nevertheless,
Eqs. (33) remain elliptical, and presentations (37) and (39) are valid. The domain of ellipticity of Eqs. (10) is also
wider than the domain of elasticity (26).

For an isotropic material, matrix (11) and Eqs. (10) take the form

Aij =

⎡
⎢⎣

1 sym

λ/μ (λ/μ+ 2)2

0 0 2

⎤
⎥⎦ ,

[
∂11 + ∂22 (λ/μ+ 1) ∂12

(λ/μ+ 1) ∂12 ∂11 + (λ/μ+ 2)2∂22

]
uj + Fi = 0
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(λ and μ are the Lamé constants), and the determinant of the matrix of the operators is

d = [∂11 + (λ/μ+ 2) ∂22]2.

The parameters α and β in Eqs. (33) are [10]

α =
μ

λ+ 2μ
, β =

λ+ μ

λ+ 2μ
, α+ β = 1.

Let D = diag (D1, D2) be a diagonal matrix where D1 and D2 are the multipliers in Eqs. (31) and (32),
i.e., d = D1D2. For variants (31a), (31b), and (32), there exist matrices C and B,

C =

[
α111 ∂1 + α121 ∂2 α112 ∂1 + α122 ∂2

α211 ∂1 + α221 ∂2 α212 ∂1 + α222 ∂2

]
,

B =

[
β111 ∂1 + β121 ∂2 β112 ∂1 + β122 ∂2

β211 ∂1 + β221 ∂2 β212 ∂1 + β222 ∂2

]
,

(41)

such that the following relation holds:

AC = BD (42)

[A is the matrix of the operators in (10)]. As |A||C| = |B||D| and |A| = |D| = d = D1D2, then we have |C| = |B|.
It was shown [15] that the general solution of the homogeneous equations (10) Au = 0 is presented in the form

u = Cϕ, Dϕ = f, Bf = 0. (43)

The formulas u = Cϕ, ϕ = B′ũ, and Aũ = 0 transform the solutions of the equations Au = 0 and Dϕ = 0 to each
other. In this procedure, u = CB′ũ is the formula for production of new solutions, i.e., Q = CB′ is the symmetry
operator [15].

For Eq. (31a), matrices (41) have the form

C =

[
α111 ∂1 + a1β121 ∂2 α112 ∂1 + a2β122 ∂2

α211 ∂1 + a1ψ1 ∂2 α212 ∂1 + a2ψ2 ∂2

]
,

B =

[
α111 ∂1 + β121 ∂2 α112 ∂1 + β122 ∂2

α211 ∂1 +A22ψ1 ∂2 α212 ∂1 +A22ψ2 ∂2

]
.

(44)

Here,

β121 = (A22 − a1)α1 − (1 +A21)α2, α211 = −(1 +A21)a1α1 + (a1 − 1)α2,

α111 = (a1 −A22)β1 − (1 +A21)a1β2, ψ1 = −(1 +A21)β1 + (1 − a1)β2,

β122 = (A22 − a1)γ1 − (1 +A21)γ2, α212 = −(1 +A21)a2γ1 + (a2 − 1)γ2,

α112 = (a2 −A22)δ1 − (1 +A21)a2δ2, ψ2 = −(1 +A21)δ1 + (1 − a2)δ2,

αi, βi, γi, and δi are free parameters. By means of direct verification, we can show that relation (42) is valid for
matrices (44). If 1+A21 = 0 (A21 +A66/2 = 0), then system (10) is already diagonal. The straight line 1+A21 = 0
corresponds to the dashed line in Fig. 1.

If Eq. (32) is valid, then matrices (41) take the form

C =

[
α111 ∂1 −

√
A22 α211 ∂2 α112 ∂1 −

√
A22 α212 ∂2

α211 ∂1 + α111 ∂2 α212 ∂1 + α112 ∂2

]
,

B =

[
α111 ∂1 − α211 ∂2 α112 ∂1 − α212 ∂2

α211 ∂1 +
√
A22 α111 ∂2 α212 ∂1 +

√
A22 α112 ∂2

]
,

(45)
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and the parameters α111, α211, α112, and α212 remain free. The determinants of matrices (45) coincide:

|C| = |B| = (α111α212 − α211α112)(∂11 +
√
A22 ∂22)

and do not vanish if α111α212 − α211α112 �= 0. Relation (42) is also satisfied.
For Eq. (31b), matrices (41) have the form

C =

[
α111 ∂1 +

√
A22 β121 ∂2 α112 ∂1 +

√
A22 β122 ∂2

α211 ∂1 + α221 ∂2 α212 ∂1 + α222 ∂2

]
,

B =
[

α111 ∂1 + β121 ∂2 α112 ∂1 + β122 ∂2

α211 ∂1 +
√
A22 α221 ∂2 α212 ∂1 +

√
A22 α222 ∂2

]
.

(46)

Here, we have

α211 =
1

1 +A21

[(
1 −

√
A22

)
β121 + 2a12α111

]
,

α221 =
1

1 +A21

[
2a12β121 +

(√
A22 − 1

)
α111

]
,

α212 =
1

1 +A21

[(
1 −

√
A22

)
β122 − 2a12α112

]
,

α222 =
1

1 +A21

[
− 2a12β122 +

(√
A22 − 1

)
α112

]
;

the coefficients α111, β121, α112, and β122 remain arbitrary, and relation (42) is also satisfied.
In constructing matrices (41), some coefficients in Eqs. (44)–(46) remain free, which allows obtaining various

forms of presentation (43) of displacements via the quasi-harmonic functions ϕ1 and ϕ2. Let us give some examples.
For variant (31a), Eqs. (44) can be used to obtain the matrices C and B in the form

C =

[
∂1 ∂1

k1 ∂2 k2 ∂2

]
, B =

[
∂1 ∂1

a2k1 ∂2 a1k2 ∂2

]
,

|C| = |B| =
a2 − a1

1 +A21
∂12, k1 =

a1 − 1
1 +A21

, k2 =
a2 − 1
1 +A21

,

or

C =

[
−a1k2 ∂2 −a2k1 ∂2

∂1 ∂1

]
, B =

[
−k2 ∂2 −k1 ∂2

∂1 ∂1

]
, |C| = |B| =

a1 − a2

1 +A21
∂12,

or

C =

[
∂1 −a2k1 ∂2

k1 ∂2 ∂1

]
, B =

[
∂1 −k1 ∂2

a2k1 ∂2 ∂1

]
, |C| = |B| = ∂11 + a2k

2
1 ∂22,

or

C =

[
−a1k2 ∂2 −∂1

∂1 −k2 ∂2

]
, B =

[
−k2 ∂2 −∂1

∂1 −a1k2 ∂2

]
, |C| = |B| = ∂11 + a1k

2
2 ∂22.

The functions ϕ1 and ϕ2 satisfy the equations

(∂11 + a1 ∂22)ϕ1 = f1, (∂11 + a2 ∂22)ϕ2 = f2, Bf = 0, f =
[
f1
f2

]
.
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For variant (32), Eqs. (45) can be used to obtain the matrices C and B in the form

C =

[
∂1 −√

A22 ∂2

∂2 ∂1

]
, B =

[
∂1 −∂2√
A22 ∂2 ∂1

]
,

or

C =

[ √
A22 ∂2 ∂1

−∂1 ∂2

]
, B =

[
∂2 ∂1

−∂1

√
A22 ∂2

]
, |C| = |B| = ∂11 +

√
A22 ∂22.

The functions ϕ1 and ϕ2 satisfy the equations

(∂11 +
√
A22 ∂22)ϕ1 = f1, (∂11 +

√
A22 ∂22)ϕ2 = f2, Bf = 0.

For variant (31b), Eqs. (46) can be used to obtain the matrices C and B in the form

C =

[
∂1 +m2

√
A22 ∂2 ∂1 −m2

√
A22 ∂2

−m1 ∂1 m1 ∂1

]
, B =

[
∂1 +m2 ∂2 ∂1 −m2 ∂2

−m1 ∂1 m1 ∂1

]
,

|C| = |B| = 2m1 ∂11, m1 = −1 +A21

2a12
, m2 =

1 −√
A22

2a12
.

The functions ϕ1 and ϕ2 satisfy the equations

(∂11 + 2a12 ∂12 +
√
A22 ∂22)ϕ1 = f1, (∂11 − 2a12 ∂12 +

√
A22 ∂22)ϕ2 = f2, Bf = 0.

The above-given examples do not exhaust all possibilities of choosing matrices (44)–(46) for presenting the
displacements u = Cϕ via the quasi-harmonic functions ϕ1 and ϕ2 satisfying the equations D1ϕ1 = f1, D2ϕ2 = f2,
and Bf = 0. In solving particular problems, the boundary conditions in displacements or stresses can also be
simplified owing to the presence of free parameters in matrices (44)–(46).

Thus, the above-considered approach allows the two-dimensional problem of the linear elasticity theory for
an arbitrary anisotropic material to be reduced to solving Eqs. (10) or (33) with two canonical moduli. With
the use of relations (31a), (31b), (32) or (37), (39), and (42), systems (10) or (33) are converted to a diagonal
form, and their general solution is presented in the form (43) via the quasi-harmonic functions ϕ1 and ϕ2 (see the
examples given above). An isotropic material corresponds to relations (32), (45), which directly yield a presentation
of displacements via the Kolosov–Muskhelishvili complex potentials. Other approaches to constructing the solution
of Eqs. (9) were considered in [16].

In a three-dimensional case, it is also possible to simplify Eqs. (1) with the use of transformations (2), (4),
and the matrix of the elasticity moduli Aij with 21 independent components can be brought to a matrix with 12
independent canonical moduli. Generalizing Eqs. (17) to a three-dimensional case, we can show that there exists
an orthogonal coordinate system (orthogonal transformation nik, niknil = δkl) where A42 = 0, A43 = 0, A51 = 0,
A53 = 0, A61 = 0, and A62 = 0. This means that there are no more than 15 independent elasticity moduli in the
case of arbitrary anisotropy, rather than 21 moduli, as was believed previously. One variant of the canonical matrix
with 12 moduli is given below:

Aij =

⎡
⎢⎢⎢⎢⎢⎢⎣

1
A21 1 sym
A31 A32 1
A41 0 0 A44

0 A52 0 A54 A55

0 0 A63 A64 A65 A66

⎤
⎥⎥⎥⎥⎥⎥⎦
.

It follows from the form of this matrix that the assumption [6] about the congruency (equivalence) of an arbitrary
matrix of the elasticity moduli Aij to the matrix of the moduli of a material with monoclinic symmetry is not valid.
The matrix Aij of the form indicated above can be found in [17, 18]. The solution of Eqs. (1) in a three-dimensional
case is also presented via three independent quasi-harmonic functions, i.e., system (1) is brought to a diagonal form.

This work was supported by the Russian Foundation for Basic Research (Grant No. 08-01-00749) and by the
Council on Grants of the President of the Russian Federation for Supporting the Leading Scientific Schools (Grant
No. NSh-3066.2008.1).
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